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Course title: Finite Fields & Coding Theory Course colde: PGAMT3C003T
Time allowed: 3 hours Maximum Marks: 100

Instructions for the candidates:

o The question paper consist of three sections, namely, Section A, Section B and
Section C.

e The section A consist of 10 objective type questions, and all the questions are
compulsory in this section.

e The section B consist of 10 short answer type questions with 2 questions from
each unit, and the candidate has to attempt 5 questions selecting one question from
each unat.

e The section C consist of 5 long answer type questions, and the candidate has to
attempt any 3 questions.

Section A

Al

(1) Which of the following is a prime field?

(a) Fss. (b) Fae. (c) Fs. (d) None of the above. 1.5
(2) For any prime p the residue class ring Z/(p) can be identified with

(a) Galois field F,, of order p. (c) Galois field F,, of order p — 1.

{b) mav or mav not be field . {d) None of the above. 15
(3) If p is a prime and n a positive integer, then

(a) n divides ¢(p" — 1). (c) n does not divides ¢(p™ — 1).

(b) ged(n,¢(p™ —1)) =1. (d) None of the above. 15

(4) Let K = F, and F = Fyn. Then for the norm function Ny, which of the following

statement is false
(a) Nr/kx(aB) = Np/k(a)- Np/x(B), for every a, 5 € F.

(b) Ngjk(a) =a™, for every a € K.

(¢) Np/k(a™) = a, for every a € K.

(d) Np/g(a?) = Nk (), for every a € F. 1.5
(5) Let F' be a finite field with ¢ elements, for every a € F

{8) 6% =8 (b) a? = a. fe) ¥t =11 (d) a® = a.

1.5

(6) Let f(x) = 2% + 1 € F3[z]. Then the companion matrix of f is given by

@ {050 ol e [ £ 1) {2 5) a
(7) If © = (1110) and y = 1010 € F3, then the Hamming weight of z =z +y is

(a) 1. (b) 5. (c) 2. (d)7. 15
(8) For a linear (n, k)-code C, the syndrome S(y) of y is a vector of length

(a) n. (b) k. (¢) n— k. (d) None of the above. 1.5

(9) A BCH code of length n over F is called a Reed-Solomon code if
(a) n=¢—1. (b) n=gq. (c)n=g+1. (d) None of the above. 1.5
(10) A linear code C is cyclic if and only if C is an ideal of
(a) Fylal/(@ - 1). (©) (=" — 1)F,
(b) Fplz]/(z™ —1),¢ = p", p a prime. (d) None of the above. 1.5




Section - B
Unit - 1
(1) If L is a finite extension of K and M is a finite extension of L, then show that M
is a finite extension of K with
[M:K]=[M:L)L:K]. .

8
(2) Let F, be the finite field with ¢ = p" elements. Then every subfield of F; has order
p™, where m is a positive divisor of n. Conversely, if m is a positive divisor of n,

then there exist exactly one subfield of F, with p" elements. 8
Unit - II

(3) Prove that the distinct automorphisms of F - over F, are exactly the mappings

00.01. - - ., Om-1, defined by a;(a) = a?, foraEIFm and 0<i:<m-1 8

(4) Let K be a finite field, F an extension of K of degree mover K, and a;,as,. ... Qp, €
F. Then {a;, 0. ... ,am} is a basis of F over K if and only if Ap/x (o, 02, ..., Bipe) 7

0. 8
Unit - III

(5) Let F be a finite extension of K = F, and o = 37 — 3 for some 3 € F. Prove that

a=7"—~ withye Fifandonly if 3 —v € K. 8

(6) Let f € F,[z] be an irreducible polynomial over F, of degree m. Then f(x) divides

29" — z if and only if m divides n. 8
Unit - TV

(7) If C is a binary (n,1) repetition code, then prove that the dual code C* is the

(n,n — 1) parity check code.. 8

(8) State and prove Gilbert-Varshamov Bound theorem. 8
Unit - V

(9) Define cyclic code and show that the binary cyclic code of length n = 2™ — 1
for which the generator polynomial is minimal polynomial over F5 of a primitive

element of Fom is equivalent to the binary (n,n — m) Hamming code. 8

(10) Prove that linear code C' is cyclic if and only if C is an ideal of Fy[z]/(z" - 1). 8
Section C

(11) State and prove existence and uniqueness theorem of finite fields. 15

(12) Prove that for a € Fyn, {a,a”,a"’, N aqm_l} is a normal basis of Fym over F, if

and only if the polynomials z™ — 1 and az™ ' + a%2™ 2+ . +a" ‘z+a?" ' in

F = [z] are relatively prime. 15

~—e—(13) Show that the product I{g,n;z) of all monic irreducible polynomials in F,{z] of

degree n > 1 satisfy
I(q,n; x) HQm

where the product is extended over all positive divisors m of ¢" — 1 for which n is
the multiplicative order of ¢ modulo m, and where @,,(z) is the mth cyclotomic
polynomial over F,. 15




Use it to e the vector 110110
_ (15) Deﬁne the BGH code ami give the deeadmg algorithm for the BCH code

"




