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Instructions for the candidates:

s The question paper consist of three sections, namely, Section A, Section B and Section C.
¢ The section A consist of 8 objective type questions, and all the questions are cornpulsory in ths section.

o The section B consist of 6 short answer type questions, and the candidate has to attempt any 3 questions
seleching one question from each unit.

* The section C consist of 3 long answer type questions,and the candidate has to attemnpt any 2 questions.

Section A

1. The set of irrational number is
(a) a F,— set (b) not a F,— set (¢) may or may not be a Fy— set (d) none of the these 1.5

2. Let p* be a metric outer measure on a metric spaces (X,d). Which of the following is false?

(a) every closed set is measurable (b) every open set is measurable (c) every Borel set is measurable (d) none
of the these 1.5

3. Which of the following is false? _
(a) the Cantor ternary set is open (b) the Cantor ternary set is a zero measurable set, (¢) the Cantor ternary

set is uncountable (d) none of the these 1.5
4. Whichi of the {ollowing is irue?

() XanB =xa.xB (b) xauB = XA+ xB (¢) XxauB = X4+ X8 - Xang (d) Xanp = XA-XB 1.5
5. Let pu* be the metric outer measure on (X,d) and A, B ¢ X such that p(A,B) > 0. which of the following is

true?

(a) p'(AUB) < 1 (A) + p*(B) (b) p(AUB) = pHA) + 27 (B) (¢) p* (AU B) > p*(A)+ u(B) (d) none of

the these

L5
6. Let 12" be a regular outer measure on a set X and let (A, :n € N) be an increasing sequence of
which of the following is true?

(a) lim, p*(4,) < p*(lim, A,) (b) limy, pu*(Ap) > p*(lim,, A,,) (c) lim, #(An) = p* (limy, A,,) (d) none of the
these 1.5

subsets of X.

7. Which of the following is false?
(a) Lebesgue measure is translation imvariant (b) Lebesgue measure is complete (c)

Lebesgue measure of an
interval is its length (d) none of the these

1.5
8. Which of the following is true?
(a) [a.e.]=[measure] (b) [a.e.]=>[mean] (c) {a.e.unifcrm]=>[tut=asure] (d) [mean]= [uniform| 1.5
Section B
Unit I
9. Let X bea non-empty set such that #X > 1. Let
W 0 1[ .‘L: =g
B)= %
w(E) {1 TR
Then show that 1* is an outer measure, and determine the class of measurable sets, 4
Define F. _¢ . 1 ; a
éﬂgflgsizﬂsggfa?m-&t, REaYS hetiior d) is a metric space and d is the topology generated by d. lhtill

Unit IT




10. Define measure space and extension of » / L8 triehs:

1
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13,

14,

15.

16.

ire is complete. Does there exit a

subset of R which is not Lebesgue mangypalle ? justify your answer.

-D‘aﬂne Borel m‘“umble funct.iun, P!'OVG that avery measurable function is Lebﬂsgun measurable but converse
is true, 4
Unit 111
Define integration of a positive Measurable function. Prove that if s is a positive simple measurable function on

. 4

(XsMrﬂ) and A M = [U‘OOI defingg Ly Af(E) = fE sdp, 2 € M, then A is a measure on M.

Prove that if f an.d 9 Are non-negative yeasurable functions on a measure space (X, M, ), then JA(f +g)dis =
fAfdu-i-ngdu. for A e M., ¢

Section - C

Define uncountable set. Prove the following:

i? if A is a o—algebra of sets in X, then A, = As = A:

!1) il A is an algebra of sets in X, then A, need not be a o—algebra:

jli)e j A is an algebra, then for any sequence {A,}5%, in A, we have lim, sup A, € A and lim, inf A, € A -Ff;

Let m* be the Lebesgue outer measure on R. Prove the [ollowing:

i) for every B € P(R) and ¢ > 0, there exits an open set B C O and m*(E) < m*(0) < m*(E) + €
ii) for every £ € P(R), there exits a Gs—set G in R such that G > E and m*(G) = m*(E):

ili) the Lebesgue outer measure is a Borel regular outer measure.

If (X, M, 11) be a measure space and [, g are measurable functions on X, then prove the following:
i) if0< f<g, then Satdu < [ 4 9du for every A € M;

ii) if f >0, and cis a constant, 0 < ¢ < oo, then Jalef)du < c [, fdp

iii) if A C B, and f > 0, then Ja fdp <[5 fdp;

iv) if f(x) =0, for all € A, then Ja fdu =0, even if u(A) = c;

v) if u(A) =0, then [, fdu= [ (xaf)dp.
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